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Abstrat
We study the ausality violation in the non-loal φ4-theory (as formu-
lated by Kleppe and Woodard) ontaining a nite mass sale Λ. Start-
ing from the Bogoliubov-Shirkov riterion for ausality, we onstrut and
study ombinations of S-matrix elements that signal violation of ausality
in the one loop approximation. We nd that the ausality violation in the
exlusive proess φ+ φ → φ + φ grows with energy, but the growth with
energy, (for low to moderate energies) is suppressed to all orders om-
pared to what one would expet purely from dimensional onsiderations.
We however nd that the ausality violation in other proesses suh as
φ + φ → φ+ φ + φ + φ grows with energy as expeted from dimensional
onsiderations at low to moderate energies. For high enough energies om-
parable to the mass sale Λ, however, we nd a rapid (exponential-like)
growth in the degree of ausality violation. We suggest a senario, based
on an earlier work, that will enable one to evade a large theoretial ausal-
ity violation at high energies, should it be unobserved experimentally.
1
1 introdution
The hief problem one is faed with any loal quantum eld theory (LQFT) is the
presene of ultra-violet divergenes. A number of regularization proedures have
been proposed to deal with suh divergenes. The basi problem of divergenes
arises from the ill-dened nature of a produt of two loal eld operators at the
same spae-time point [1℄ in a LQFT. One of the natural suggestions to deal
with this problem therefore has been that we should attempt to replae a loal
interation by a nonloal (smeared) interation whih somehow would take are
of the divergenes arising from two loal eld operators at the same spae-time
point [2℄. While making suh an attempt, however, there is a danger that one
may loose physially meaningful properties of the loal theory suh as unitarity,
stability [3, 4℄, gauge invariane (in the ase of gauge theories) and ausality
[5℄. Many attempts have been made in this diretion to onstrut a nite and
physially meaningful quantum eld theory with the use of nonloal interations
[2, 5℄. One of the physial requirements of the physial theory is the unitarity of
the S-Matrix. This requires that in the proess of introduing nonloality, one
does not introdue any unphysial ghost degrees of freedom that an ontribute
to an S-matrix. Also, for loal theories with a loal gauge-invariane, it is
neessary to introdue nonloal interations in a manner that is ompatible
with the loal gauge symmetry (or an equivalent non-loal symmetry), so that
the essential onsequenes of a loal gauge symmetry are preserved after non-
loalization.
An elegant formulation of nonloal quantum eld theory that preserves uni-
tarity and (an equivalent of) loal gauge symmetry has been given by Kleppe
and Woodard [5℄. It was based upon the earlier works by Moat[6℄, Elizer and
Woodard [3, 4℄ and on an expliit onstrution for QED by Evens et al [7℄.
A systemati proedure for onstruting a non-loal ation from a loal QFT
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has been presented in Ref. [5℄. Equally importantly, this work has established
that the loal/global symmetries an be preserved in their nonloal form and
the WT identities of a loal QFT derivable from loal symmetries suh as gauge
invariane/BRS symmetry nd their natural nonloal extensions (at least in the
Feynman gauge). It has sine been studied extensively [8, 9℄. It has also been
found useful for regularizing theories with supersymmetry [10℄ (where dimen-
sional regularization does not work) and for the regularization of BV theories
[11℄.
This formulation of a non-loal eld theory an be looked upon either as a
regularization [7, 8℄ or as a physial theory with a nite mass parameter Λ [6, 5℄.
In either ase, and for any nite Λ, the theory is unitary and has an appropriate
generalization of a loal gauge symmetry. The latter of these interpretations an
further be looked upon in a number of distint ways. One ould think the non-
loality as representing a form fator with a momentum ut-o Λ[6℄. One ould
also think of this theory as embodying a granularity of spae-time of the sale
1/Λ or as an intrinsi mass sale Λ [5, 12, 14, 13℄. One ould also onsider suh
a theory as representing an eetive eld theory valid when the energy sale
involved is smaller than Λ [15℄.
In an earlier work [14℄, we have found suh a non-loal formulation with
a nite Λ, very useful in understanding the renormalization program in the
renormalizable eld theories. We have shown that this formulation enables one
to onstrut a mathematially onsistent framework in whih the renormaliza-
tion program an be understood in a natural manner. The framework does
not require any violations of mathematial rigor usually assoiated with the
renormalization program. This framework, moreover, made it possible to the-
oretially estimate the mass sale Λ. The nonloal formulations an also be
understood [15℄ as an eetive eld theory formulation of a physial theory that
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is valid up to mass sale ∼Λ. In suh a ase, the unknown physis at energy
sales higher than Λ [suh as a struture in terms of ner onstituents, addi-
tional partiles, fores, supersymmetry et ℄ an eetively be represented in a
onsistent way (a unitary gauge-invariant nite (or renormalizable) theory) by
the non-loal theory. In other words, the nonloal standard model an serve as
suh an eetive eld theory [15℄ and will aord a model-independent way of
reparametrizing the eets beyond standard model onsistently.
Despite the various advantages of these nonloal formulations, it suers from
some limitations: suh a theory, while it preserves ausality at the tree-level S-
matrix (whih is the same as the loal one), has quantum violations of ausality,
expeted to be small by a fator ∼ g
2
16pi2 . In this work, we shall arry out an
elementary study of the question of ausality violation (CV) in NLQFT . We
shall adopt the approah of Bogoliubov and Shirkov [17℄, and use Bogoliubov-
Shirkov riterion [18℄ to study CV. Bogoliubov-Shirkov riterion (See setion
2.3) allows one obtain ertain ombinations of S-matrix elements that must
vanish if ausality is preserved; and therefore these ombinations onstitute
quantities that an haraterize the CV in a NLQFT. We study these in the
1-loop approximation for the λφ4 theory, this being the simplest eld theory
model where denite onlusions an be drawn.
We shall now introdue the plan of the paper. In setion 2, we shall in-
trodue the formalism of non-loal eld theories for the λφ4 theory and give
Feynman rules. We shall also summarize the ausality ondition as formulated
by Bogoliubov and Shirkov. We shall onstrut quantities that an be used
to haraterize the ausality violation. We shall also make brief omments on
the possible violation of ausality in LQFT [19℄ and its distintion from the
ausality violation we shall address to in the present ontext of the NLQFT. We
shall also summarize the senario suggested in [15℄. In Setion 3, we shall eval-
4
uate the ausality violation eets at the one loop level in two of the exlusive
proesses: (i) 2 salars → 2 salars, (ii) 2 salars → 4 salars. We shall show
that at an energy sale small ompared to Λ, the ausality violation in the rst
proess is of an order smaller than what would be expeted from purely dimen-
sional onsideration. We shall further show that at energies omparable to Λ or
greater, we shall nd an exponential-like growth in the ausality violation. For
the seond proess, we nd that we have a ausality violation as expeted from
general dimensional arguments for energy sales << Λ. On the other hand, at
energy sales ∼ Λ we again nd an exponential-like growth. In setion 4, we
shall give a general argument to show that the results noted in the one loop for
the 2 salars → 2 salars aught to be valid to all orders. In setion 5, we shall
present a senario based on that presented in [15℄, that allows one to evade a
large sale ausality violation should it be unobserved experimentally.
2 PRELIMINARIES
In this setion, we shall summarize, for our future use, various known results
on the non-loal eld theories, Bogoliubov-Shirkov riterion of ausality, and
brief omments on possible ausality violation in LQFT and the pertinene (or
its lak) of these results to the present disussion. We will also summarize the
view-point regarding the non-loal eld theories as presented in [15℄.
2.1 NON-LOCAL REGULARIZATION:
We shall rst review, very briey, the onstrution of a non-loal eld theory
with a nite mass sale Λ, given its loal ounterpart. We shall present the
onstrution with referene to the λφ4 theory as presented in [5℄; sine that
sues for our purpose.
We start with the loal ation for a eld theory, in terms of a generi eld
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φ, as the sum of the quadrati and the interation part:
S[φ] = F [φ] + I[φ]
and express the quadrati piee as
F [φ] =
∫
d4xφi(x)ℑijφj(x)
We dene the regularized ation in terms of the smeared eld φ̂, dened in terms
of the kineti energy operator ℑij as,
φ̂ ≡ E−1φ E ≡ exp[ℑ/Λ2]
The nonloally regularized ation is onstruted by rst introduing an auxiliary
ation S[φ, ψ]. It is given by
S[φ, ψ] = F [φˆ]−A[ψ] + I[φ+ ψ]
where ψ is alled a shadow eld with an ation
A[ψ] =
∫
d4xψiO
−1
ij ψj
with O dened by
O ≡
E2 − 1
ℑ
The ation of the non-loal theory is dened as
Sˆ[φ] = S[φ, ψ]‖
ψ=ψ[φ]
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where ψ[φ] is the solution of the lassial equation
δS
δψ
= 0
The Feynman rules for the nonloal theory are simple extensions of the loal
ones. The verties are unhanged but every leg an onnet either to a smeared
propagator
iE2
ℑ+ iǫ
= −i
∫ ∞
1
dτ
Λ2
exp{
ℑτ
Λ2
}
or to a shadow propagator [shown by a line rossed by a bar℄
i[1− E2]
ℑ+ iǫ
= −iO = −i
∫ 1
0
dτ
Λ2
exp{
ℑτ
Λ2
}
In the ontext of the λφ4 theory, we have,
ℑ = −∂2 −m2 I(φ) = −
λ
4
φ4
The Feynman rules for propagator in momentum spae read:
1. For the φ-propagator (smeared propagator) denoted by a straight line:
i
{
exp
[
p2−m2
Λ2
]}
p2−m2+ie
2. For the ψ-propagator denoted by a barred line:
i
{
1− exp
[
p2−m2
Λ2
]}
p2 −m2 + ie
3. The 4-point vertex is as in the loal theory, exept that any of the lines
emerging from it an be of either type. (There is aordingly a statistial
fator).
4. In a Feynman diagram, the internal lines an be either shadow or smeared,
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with the exeption that no diagrams an have losed shadow loops.
2.2 Condition of Causality
The ausality ondition that we have used to investigate ausality violation in
NLQFT is the one disussed by Bogoliubov and Shirkov [17℄. They have shown
that an S-matrix for a theory that preserves ausality must satisfy the ondition
δ
δg(x)
(
δS[g]
δg(y)S
†[g]
)
= 0 for x <∼ y (1)
where x <∼ y means that either x0 < y0 or x and y are spae like separated.
The above ondition has been formulated treating the oupling g(x) as spae-
time dependent. This is used together with the unitarity ondition
S†[g]S[g] = 1 (2)
to obtain the form of the S-matrix in LQFT. We shall use them together to
study the ausality violation in NLQFT. To extrat the physis from the above
mentioned ausality ondition, in the perturbative sense, S-matrix is written as
a funtional Taylor expansion in powers of oupling g(x):
S[g] = 1 +
∑
n≥1
1
n!
∫
Sn(x1, ..., xn)g(x1)...g(xn)dx1...dxn, (3)
in whih Sn(x1, ..., xn) are operator expressions (symmetri in all arguments)
whih depend upon the eld operators and on their partial derivatives at the
points x1, ..., xn. We note that experimental information is not however about
an Sn(x1, ..., xn) but about
Sn ≡
∫
Sn(x1, ..., xn)dx1...dxn
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obtained by putting g(x) = constant = g. As shown in [18℄, one an obtain
perturbatively useful ausality onditions for eah n = 1, 2, 3, ... from (1) and
(2) and using the expansion (3):
Hn(y, x1, ..., xn) = iSn+1(y, x1, ..., xn)
+i
∑
0≤k≤n−1
P
(
x1, ..., xk
xk+1, ..., xn
)
Sk+1(y, x1, ..., xk)S
†
n−k(xk+1, ..., xn) = 0 (4)
Here, P
(
x1,...,xk
xk+1,...,xn
)
is dened as the sum over the distint ways of partitioning
(
n!
k!(n−k)! in number) {x1, x2, x3, ........xn} into two sets of k and (n−k) (suh as
{x1, x2, x3, ........xk} {xk+1, ........xn}). Similarly perturbatively useful unitarity
ondition, for eah n, is given by
Sn(x1, ..., xn) + S
†
n(x1, ..., xn)
+
∑
1≤k≤n−1
P
(
x1, ..., xk
xk+1, ..., xn
)
Sk(x1, ..., xk)S
†
n−k(xk+1, ..., xn) = 0.
For n = 1, 2 respetively, ausality ondition is expliitly given by
H1(x, y) ≡ iS2(x, y) + iS1(x)S
†
1(y) = 0 (5)
H2(x, y, z) ≡ iS3(x, y, z) + iS1(x)S
†
2(y, z) + iS2(x, y)S
†
1(z) + iS2(x, z)S
†
1(y) = 0
(6)
and unitarity ondition is given by
S1(x) + S
†
1(x) = 0 (7)
S2(x, y) + S
†
2(x, y) + S1(x)S
†
1(y) + S1(y)S
†
1(x) = 0 (8)
The unitarity onditions ould be used with ausality ondition to replae S†n
fator in (4) by appropriate Sm terms. One an then evaluate the matrix el-
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ements of Hn(y, x1, ..., xn) between appropriate initial and the nal states to
onvert the relations (4) in terms of the S-matrix element oeients in (3). In
the ase of the loal theory, these relations are trivially satised. In the ase of
the nonloal theories, these quantities, on the other hand, aord a way of har-
aterizing the ausality violation. Further, these quantities ontain however not
the usual S-matrix elements that one an observe in an experiment (whih are
obtained with a onstant i.e. spae-time-independent oupling), but rather the
oeients in (3). We thus nd it protable to onstrut appropriate spae-tine
integrated versions out of Hn(y, x1, ..., xn). Thus, for example, we an onsider
H1 ≡
∫
d4x
∫
d4y[ϑ(x0 − y0)H1(x, y) + ϑ(y0 − x0)H1(y, x)] (9)
The ausality ondition (5) would then imply that a lak of CV requires that
1
H1 ≡ 0. Conversely, a non-zero H1 neessarily implies CV. Realling that
S2(x, y) = S2(y, x), we an write
H1 = i
∫
d4x
∫
d4yS2(x, y)− i
∫
d4x
∫
d4yT [S1(x)S1(y)]
whih an be expressed entirely in terms of Feynman diagrams that appear in
the usual S-matrix amplitudes. In a similar manner, we an formulate
H2 ≡
∫
d4x
∫
d4y
∫
d4zH2(x, y, z)ϑ(x0 − y0)ϑ(y0 − z0) (10)
+5 symmetri terms (11)
and an itself be expressed in terms of Feynman diagrams.
Finally, we omment on the ounterterms in the above equations. When
we wrote the original ausality ondition in terms of H1(x, y), with y <∼ x,
1
These statements are subjet to the ounterterms in the denition of H1 to be disussed
shortly.
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x and y were distint points and there were no divergenes in both the terms
that are present in H1(x, y). On the other hand, when we onvert it to H1
dened above, (eah term in its denition now allows for oinident points),
and ontains a "subtration" or a ounterterm. The ounterterm
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present in∫
d4x
∫
d4yS2(x, y) makes this term nite while the "subtration" that has to
be inluded in
∫
d4x
∫
d4yT [S1(x)S1(y)] has to be suh that as Λ → ∞ (i.e.
the loal limit) H1 must vanish. This riterion, however, does not uniquely
determine the net ounterterm in H1; there is an ambiguity of a onstant, i.e.
momentum-independent term that vanishes as Λ → ∞. We shall assume, for
deniteness, that experiments show no ausality violation at low energies, and
we shall adjust this ounterterm aordingly. Nonetheless, the presene of a
momentum-dependent CV terms in H1 neessarily signals CV at some energy
sale, irrespetive of the ambiguity in the ounterterm.
2.3 Causality Violation in Loal Quantum Field Theories
We shall briey disuss the issue of ausality violation in the LQFT and point
out the distintion between the issue there and here in the ontext of the
NLQFT. There is muh disussion in literature about the CV in LQFT and
is thought to be still a ontroversial matter [19℄ . However, these disussions
revolve around proesses that take plae in a nite duration, unlike an S-matrix
whih relates to the time-evolution of a sattering system over an innite du-
ration. The possible signal of CV in LQFT in fat vanishes as the time of
observation of a proess goes to innity. This is in fat onsistent with no CV
in LQFT aording to the BS riterion; whih refers to an S-matrix element.
In light of Bogoliubov and Shirkov formulation of S-matrix theory [18℄ and
onstrution of Sn, whih is widely used in perturbative QFT, it is lear that
2
The expansion of (3) is the expansion of the renormalized S-matrix in terms of the renor-
malized oupling g.
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ausality violation does not our in the S-matrix theory in a LQFT. Therefore
we have studied CV in NLQFT in the S-matrix formalism.
2.4 Non-loal Field Theory as an Eetive Field Theory
In this subsetion, we shall summarize the view-point presented in referenes
[15℄ and [14℄ regarding the non-loal theories as eetive eld theories valid up to
a mass sale Λ. The basi idea presented in [15℄ was with referene to a quantum
eld theory for whih the LSZ formulation leads to the ondition 0 < Z < 1. In
a loal quantum eld theory, this ondition is ignored in perturbation theory as
the wave-funtion renormalization Z diverges. It was suggested in [15℄ that we
an resurret this ondition in a NLQFT with an intrinsi sale Λ, and in fat
give a meaning to the sale and make an estimate using the ondition 0 < Z < 1
as applied in perturbation theory. The idea was to require that the mass-sale Λ
(together with the oupling) be suh that the alulated Z satises 0 < Z < 1.
This lead to a ondition of the type
g2
16π2
ln
Λ2
m2
. 1.
The suggested interpretation of the NLQFT then was (i) It is an eetive theory
valid up to energy sale Λ ;(ii) For energy sales beyond Λ, one needs to replae
the NLQFT by a more fundamental theory (of onstituents) having its own
(larger) mass sale Λ′ and a oupling g′ and suh onstituent elds that the
ondition 0 < Z ′ < 1 is satised again within the energy domain Λ < E . Λ′.
An equivalent disussion an be given even for theories for whih suh a on-
dition is not available. It is based on the work [14℄, in whih we have attempted
to give a mathematially rigorous understanding of the renormalization pro-
gram using the framework of the NLQFT. There, we were lead to a very similar
ondition if the renormalization program is to be understood in a rigorous way.
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We an then impose exatly similar interpretation on the NLQFT.
3 Causality Violation at One Loop
3.1 for 2 Partile → 2 Partile
We shall now onsider the ontributions to H1, of (9) a quantity quantifying
the ausality violation in the theory, for the above proess. There are two
ontributions to this term: (a) One set of ontributions omes from the diagrams
with a shadow propagator (see g. 1(a)) and analogous diagrams in t- and
the u− hannels. These ontribute to
∫
d4x
∫
d4yS2(x, y) but not to the other
term. (b) The seond ontribution omes from the renormalization ounterterms
present in
∫
d4x
∫
d4yS2(x, y) and
∫
d4x
∫
d4yT [S1(x)S1(y)]. The ounterterm
is (partly) determined by the requirement that the ausality violation vanishes
as Λ→∞.
(a) We have evaluated these diagrams in the massless limit and for non-zero
mass.
  
  


   
   

    
k1
k2
p
 
 1
p
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  k 1k 2
p
p
2
p
3
p
4 1
(a) (b)
Figure 1: (a) 2 particle −−−> 2 particle, s−channel diagram contributing to CV
                (b) 2 particle −−−> 4 particle, a sample diagram contributing to CV
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3.1.1 Massless Limit
After some involved alulations, we nd that the amplitude for s-hannel dia-
gram in the massless limit is given by
Γ0(s) =
9λ2
4π2
∞∑
n=0
(
s
Λ2
)n (
1− 12n
)
n((n+ 1)!)
. (12)
The above expression, a onvergent series, is partiularly useful when s ≪ Λ2.
In addition, there are the t-hannel and the u-hannel diagrams eah of whih
is given by an expression (12) with s → t and s → u respetively. The sum of
three suh diagrams, for the ase s≪ Λ2 is given by,
Γ0(s) + Γ0(t) + Γ0(u) =
9λ2
4π2
{
3ln2 +
1
4Λ2
(s+ t+ u) +O
(
s2
Λ4
)}
(13)
=
9λ2
4π2
{
3ln2 +
1
Λ2
(m2) +O
(
s2
Λ4
,
t2
Λ4
,
u2
Λ4
)}
(14)
The total ausality violating amplitude is thus given by sum of the above re-
sult and the renormalization ounterterm. One eet of the latter is to subtrat
out from
Γ0(s) + Γ0(t) + Γ0(u)
the ontribution that does not vanish away as Λ → ∞. As explained in the
setion 2.2, we shall x the ounterterm further by assuming that CV vanishes
at low momenta
3
(s = t = u = 0). We thus obtain the net ausality violating
amplitude:
9λ2
64π2
(
s2 + t2 + u2
Λ4
)
. (15)
and thus is a quadrati funtion of the basi momentum variables s, t and u.
Consequently, it grows muh more slowly than expeted with energy at low
energies. One would therefore have to go to muh higher energies to see ausality
3
Please reall the omment in setion 2.2.
14
violation than one would naively expet on the basis of dimensional arguments.
In the setion 4, we shall give a general argument to show that this must be so
to all orders.
We shall now study the result for energies omparable to Λ. To see the
behavior, we fous our attention on Γ0(s). We note that the series,
Γ0(s) =
9λ2
4π2
∞∑
n=0
(
s
Λ2
)n (
1− 12n
)
n((n+ 1)!)
. (16)
for s ∼ Λ2 grows exponentially. To see this, we introdue
A(ξ) ≡
∞∑
1
ξn
n(n+ 1)!
We an then easily verify the following bounds for any ξ > 0,
(
eξ
ξ2
−
1
ξ2
−
1
ξ
− 1/2
)
< A(ξ) <
1
9
(
e3ξ
ξ2
−
1
ξ2
−
3
ξ
− 9/2
)
[The lower bound is suient to onlude an exponential growth. The upper
bound is a rather loose bound and an be made striter, but that is not required℄.
We thus nd that as s & Λ2, there is an exponentially rising ausality violation
from the s-hannel diagram.
3.1.2 Non-zero Mass
For ompleteness, we shall briey disuss the ase of m 6= 0; even though it does
not lead to any substantial hanges in onlusions. After invoking Shwinger
parameterization and some alulations, we obtain the s-hannel amplitude for
this ase in the following integral form:
Γ(s) ≡
9λ2
4π2
∫ 1/2
0
dx
∫ 1
x
1
1−x
dτ
τ
exp
{
−
τ
Λ2
(
m2 − x(1− x)s
)}
. (17)
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Expanding in powers of s we get from the above expression
Γ(s) =
∞∑
n=0
γn(m,Λ)s
n, (18)
where rst three γn are given by
γ0(m,Λ) =
9λ2
4π2
∫ 1/2
0
dx
∫ 1/x
1
1−x
dτ
τ
e−
m2τ
Λ2 , (19)
γ1(m,Λ) =
9λ2
4π2
∫ 1/2
0
dx
∫ 1/x
1
1−x
dτ
x(1− x)
Λ2
e−
m2τ
Λ2 , (20)
γ2(m,Λ) =
9λ2
4π2
∫ 1/2
0
dx
∫ 1/x
1
1−x
τdτ
x2(1− x)2
2Λ4
e−
m2τ
Λ2 . (21)
The ontributions to the total amplitude from the n = 0 term is anelled by
the renormalization ounterterm. Sine s+ t+ u = 4m2, the ontribution from
the n = 1 terms add up to a momentum independent term. γ2(m,Λ) ould
be further simplied in terms of inomplete Γ-funtions but the expression is
lengthy and ompliated. To the lowest order it has term (const.)s2/Λ4 and at
next leading order there are terms like m2s2/Λ6 and ln(m2/Λ2)m2s2/Λ6.
We make a number of observations, arising from the above disussion, from
the point of view of their future relevane:
• We note the existene of m = 0 limit in the expression (17).
• We note that the expression (17) an be expanded in powers of s atm = 0.
• We an suspet the exponential-like growth of (17) by an inspetion of the
integrand in (17).
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3.2 Causality Violation at the One Loop level for the 2
Partile → 4 Partile proess
To obtain the appropriate quantiation for CV for this proess in the one-
loop approximation, we simplify the ausality ondition (6) using the unitarity
ondition (8). It reads,
H2(x, y, z) = iS3(x, y, z)− iS1(x)S2(y, z)− iS2(x, y)S1(z)− iS2(x, z)S1(y)
−iS1(x)S1(y)S1(z)− iS1(x)S1(z)S1(y) = 0 (22)
We nd that for 2 partile → 4 partile proess, the ausality ondition
H2 = 0 is violated by all the diagrams with two shadow propagators (see for
example g. 1(b)). To failitate the alulation of CV in terms of the S-matrix
elements, we use H2 of (11). We nd that H2 onsists of all diagrams for the
1-loop S-matrix with two barred lines. For onreteness, we shall rst fous on
the diagram of g. 1(b). For this diagram the limit m → 0 exists and in this
limit the amplitude is given by
4
27λ3
2π2Λ2
∫ 1
0
dτ1dτ2
∫ ∞
1
dτ3
(τ1 + τ2 + τ3)2
exp
{
k2τ2
Λ2
+
p2τ3
Λ2
−
(τ2k + τ3p)
2
(τ1 + τ2 + τ3)Λ2
}
(23)
where k = k1 + k2 and p = p1 + p2. Other diagrams of this type an be now
evaluated using the rossing symmetry. In this 6-point funtion no renormal-
ization is required to be arried out. Therefore the leading order term, though
a onstant, will not be removed by renormalization. Leading order term (for
p2
Λ2 ,
p.k
Λ2 ,
k2
Λ2 << 1) is
27λ3
2π2Λ2
∫ 1
0
dτ1dτ2
∫ ∞
1
dτ3
(τ1 + τ2 + τ3)2
=
27λ3
2π2Λ2
(−4ln2 + 3ln3), (24)
4
After doing Shwinger parameterization and integrating over loop momentum
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and sine it is independent of any momenta this term remains the same for all
other diagrams (total 15 in number). The total amplitude for the proess is
nite as Λ → ∞ and behaves as (a quadrati funtion of momenta)
−1
. Thus,
the relative CV behaves as,
a quadrati funtion of momenta
Λ2
and thus is expeted to grow with energy.
On the other hand, for some of the various Lorentz invariants ∼ Λ2 (and
having an appropriate sign), the trunation of the exponent as in (23) is not a
good approximation. For example, for k2 = s ∼ Λ2, p2 ∼ Λ2 and (p3 + p4)
2 <<
Λ2and xed, the expression (23) shows an exponential-like growth with s.
4 A general argument for φφ→ φφ
In this setion, we shall attempt a simple way to generalize to all orders the
result worked out for the φφ → φφ proess in the previous setion. For this
purpose, we shall employ the results stated in the Appendix A regarding the
infrared properties and analyti properties of the relevant amplitudes. The
amplitude for the proess and the CV in it is a Lorentz-invariant, dimensionless
funtion only of the two independent Lorentz-invariants (say s and t) and of the
parameters m and Λ. Let us parametrize the ausality violating ombination
of S-matrix elements by f(s, t,m2,Λ2). We shall rst enumerate the properties
expeted of f :
• f(s, t,m2,Λ2) vanishes as Λ→∞, i.e. in the loal limit;
• f(s, t,m2,Λ2) is dimensionless;
• f(s, t,m2,Λ2) will have the rossing symmetry.
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• f(s, t,m2,Λ2) is nite at m = 0. We have given an argument regarding
this in the Appendix A. To put the onlusions in it qualitatively, there is
a anellation of diagrams in the net CV amplitude; so that in the surving
diagrams, the infrared behavior is softer by the presene of (suiently
many) barred propagators whih have a better infrared behaviour. (Please
note the barred propagator in setion 2.1 for m = 0)5.
• f(s, t,m2,Λ2) an be expanded in a series in s, t through O(s2) at m = 0.
See Appendix A for the reasons.
• f(s, t,m2,Λ2) is ambiguous upto momentum independent subtrations
that vanish as Λ→∞.
In this ase, the leading dependene will be a linear funtion of
s
Λ2 and
t
Λ2 . The
only funtion that also has the rossing symmetry is
f(s, t,m2,Λ2) = a
{
s
Λ2
+
t
Λ2
+
u
Λ2
}
+ b
m2
Λ2
+O
(
1
Λ4
)
In view of s+ t+ u = 4m2, we nd that
f(s, t,m2,Λ2) = (b+ 4a)
m2
Λ2
+O
(
1
Λ4
)
In view of the last observation regarding an ambiguity in the renormalization
ounterterms, we have,
f(s, t,m2,Λ2) = O
(
1
Λ4
)
5
This and the following property an be addressed to diagrammatially by evaluating an
arbitrary 1PI diagram and reduing it to the form of a Shwinger parametri integral suh as
of the form (23). The presene of a shadow propagator restrits the orresponding Shwinger
parameter τi to [0, 1] whereas the infrared divergene omes from τi → ∞. The property
below about the expandability in s, t requires the study of the oeients of s and t in the
exponent in the integral. Also note the observations made at the end of the setion 3.1.
19
modulo momentum-independent terms O
(
1
Λ2
)
.Thus, the leading momentum-
dependent CV in this proess is of O[Λ−4] i.e. two powers of Λ suppressed as
ompared to what one would expet.
5 A possible senario for esape from large sale
ausality violation at high energy sales
The sale Λ of the non-loal standard model is, in priniple, available phe-
nomenologially from various preison experiments suh as (g − 2) of the muon
[12℄, the preision tests of standard model [20℄ et, i.e. from experiments on-
duted at energies ≪ Λ . As we had seen in setions 3 and 4, the ausality
violation an begin to grow very rapidly with the energy sale as the latter be-
omes a substantial fration of the mass-sale Λ of the theory, so determined,
and grows exponentially beyond it. It is possible that suh a ausality violation
is atually present at high enough energies; in whih ase this will vindiate
the use of non-loal theory as the orret formulation of the physial theory,
sine suh a ausality violation annot be explained by a LQFT. On the other
hand, however, it is also possible that experiments detet no signiant vio-
lation of ausality even at suh energies. One need not, however, neessarily
onlude from it that the use of the non-loal eld theory to represent funda-
mental physis need be abandoned. In this setion, we shall present a possible
senario that an provide an esape from suh a prediament. In fat, we shall
argue that suh a prediament is indiative of a presene of a ner struture
underlying the present theory.
We shall nd it useful to employ the senario presented in [15℄ (whih we have
briey reviewed in setion 2.4) for the present purpose also. In that work, we
had argued that the ondition 0 < Z < 1 that is supposed to be satised by the
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wave-funtion renormalization should in fat be taken literally in perturbation
theory and an be implemented within the ontext of the non-loal eld theory.
It an be used to predit the sale Λ that is present in the non-loal formulation
by a ondition of the type
g2
16π2
ln
Λ2
m2
. 1.
[A similar onlusion was drawn in [14℄ from a disussion regarding renormal-
iztion program in a renormalizable eld theory (inluding the standard model)
where a ondition 0 < Z < 1 may not be derivable℄. It was further proposed
that the non-loal eld theory is an eetive eld theory and the eetive eld
theory should be abandoned beyond energy sale & Λ where it must be replaed
by a more fundamental theory with another oupling g′ and mass sale Λ′. Suh
a senario an also protet a non-loal theory from a "ausality-atastrophe".
We propose that should a large ausality violation be unobserved at energies
∼ Λ (obtained from the above ondition), it an be understood by invoking the
above piture. In this piture, the alulations done in the non-loal eld theory
at energy sales ∼ Λ are no longer very aurate, as the substruture of the
theory beomes important. At these energy sales, the non-loal eld theory,
whih is being looked upon as an eetive eld theory, should be replaed by
another non-loal theory of its fundamental onstituents having a new sale
Λ′ >> Λ and a new oupling onstant. It is viable that in this new setting the
ausality violation may turn out to be in fat small as the energies are << Λ′.
In other words, in this view, the alulated large ausality violation in
NLQFT at large energy sales is argued as an artifat of the approximation
that replaes the underlying theory of fundamental onstituents by an eetive
non-loal eld theory.
The experimental observations regarding the CV at high enough energies
may, in fat, enable one to distinguish between these two views regarding a
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non-loal theory: (i) A fundamental theory with a mass parameter Λ, (ii) an
eetive eld theory valid upto a sale Λ.
6 Appendix A
In this appendix, we shall briey deal with the infrared properties of the ausal-
ity violating amplitudes onstruted out of H
n
(y, x1, ......, xn) that we have dis-
ussed in setion 2.2 (see Eq.(4)). We have employed these properties in the
setion 4. On physial grounds, we an expet that quantities that haraterize
ausality violation suh as these should not have a sensitive dependene on m
as m → 0, that is, an absene of a mass singularity. We have already seen
examples of lak of mass singularities in the alulations we have done. For
example, in setion 3.1, we have alulated the one loop amplitude arising from
H1 and found it to have
• Contribution from diagrams neessarily having one barred line (whih have
softer infrared properties);
• No singularity at m = 0 ( see setion 3.1.1);
• The amplitude is analyti (in s, t, u) at m = 0.
• There is no imaginary part, as there are no physial (i.e. having at least
two smeared lines) intermediate states.
Further in setion 3.2, we have seen the evaluation of the 1-loop amplitude based
on H2. We found there that
• the ontribution ame from graphs with at least two barred lines;
• there is no singularity at m = 0;
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• The amplitude is analyti in the quadrati Lorentz invariants at m = 0.
There is no imaginary part, as there are no physial intermediate states.
We draw attention to the fat that the Hn's ontain spei ombinations of
several terms involving various Sm's . In Hn's, there is a anellation of dia-
grams: In the 4-point funtion of H1, the diagrams with only smeared propaga-
tor have anelled out, while in the 6-point funtion of H2, diagrams with only
smeared lines and those with one barred line have anelled out. We shall argue
that while eah term in Hn may have infrared divergenes/mass singularities as
m→ 0, the ombinations above annot.
To see the argument, we onsider the following quantity,
S[g(x),m]S†[g(x),m] ≡ 1 for all m including m→ 0
We note that the left hand side has a smooth limit as m→ 0 and onsequently
has no mass singularities in its matrix elements. We now imagine a small loal
variation in g(x):g(x) → g(x) + δg(x) in the rst fator. We argue that loal
variations suh as these annot aet the infrared properties of the theory, whih
neessarily arise from large distanes. Thus, the following operator: S[g(x) +
δg(x),m]S†[g(x),m] or equivalently the operator
O(y) ≡ i
δS[g,m]
δg(y)
S†[g,m]
has a smooth limit asm→ 0, i.e. has no mass singularity in its matrix elements.
We note the Hn(y, x1, .....xn) has been dened as,
Hn(y, x1, .....xn) ≡
δn
δg(x1)δg(x2).....δg(xn)
O(y)
∣∣∣∣
g=0
and the ausality violating ombinations have been onstruted out of these.
23
Next, we shall briey deal with the analyti nature of the diagrams. It turns
out that we an get at some of the analyti properties without detailed analysis
of diagrams. Consider
S[g,m]S†[g,m] = 1
We dierentiate with respet to g(y) to obtain,
δS[g,m]
δg(y)
S†[g,m] + S[g,m]
δS†[g,m]
δg(y)
= 0
Thus, O(y) ≡ i δS[g,m]δg(y) S
†[g,m] is a hermitian operator [18℄. Now onsider the
diagonal matrix elements of O(x) between two 2-salar states |α >≡ |k1, k2 >.
Then,
< α|O(y)|α >=< α|i
δS[g,m]
δg(y)
S†[g,m]|α >= a real quantity
Now, matrix elements of Hn (analogues of (9) and (10)) are onstruted out
of
δ
δg(x1)
δ
δg(x2)
.....
δ
δg(xn)
< α|i
δS[g,m]
δg(y)
S†[g,m]|α >= a real quantity
by real operations (see e.g. Eq.(10)). Thus, the quantity < α|Hn|α > does not
develop imaginary part and the assoiated singularities due to ontributions
from physial intermediate states and thus annot have singularities. This im-
plies that the amplitudes so alulated f(s, t,m,Λ) are free of singularities at
t = 0 for any m ≥ 0. This, in partiular, rules out the terms of the type slnsΛ2 at
m = 0. Crossing symmetry rules out terms suh as tlntΛ2 .
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